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Motivation

Linear Gaussian Structural Equations
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e ~ N(0,diag(c%,...,02))

'Yp
@ S, = (- W) ld(e?,...,03)(I - W) T

Contains everything we need

Thus z ~ N(0, 2;),

Objective: Recover the edge set, E. (recover ¥ )
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Problem Setup

Linear Measurement System

Let z € RP. Consider the following measurement system,
y= Az

¢ y € R? where (d < p) - indirect observations.

® A € R¥*P - sensing matrix.

In this case, [y = AT AT
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Linear Measurement System

Let z € RP. Consider the following measurement system,
y= Az

¢ y € R? where (d < p) - indirect observations.

* A € R¥*P - sensing matrix.

In this case, [y = AT AT

Design a sparse sensing matrix A for recovering X, from y.

¢ What makes a good A?

® Incorporating additional constraints.
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Covariance Recovery

(Assume: 2 is sparse.)

Recovery Problem
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Covariance Recovery

Assume: X, is sparse.
( )

Recovery Problem (finite samples)

min||Z; ], st. Hz:g”)—Az:xATuzgfr

Recovery Problem (finite samples) + ( )

min [y — A%x]|, + BlIxl;

where
* x = vec(Xz).
* v = vec(Zy).
° A®=AQA.
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Covariance Recovery

Assume: X, is sparse.
( )

Recovery Problem (finite samples)

min||Z; ], st. Hz:g“)—Az:xATuzgfr

Recovery Problem (finite samples) + ( )

min [y — A%x]|, + BlIxl;

where
e x = vec(Xyz).
o v = vec(Z,). [Design “good” A for recovery of X!J
° A®=AQA.
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Factor graph inference

In general for,

2
Z= argmxinz (yj—z Ajimi) +Blzll,
: B

J
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Factor graph inference

In general for,

Zj (yj*2¢ Aﬁzi) 2 e Blizlly

T = argmaxe
T

Variable to check node Check to variable node
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Factor graph - Knronecker product matrix
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Analyzing the messages

Density Evolution

® Used in coding theory to design LDPC codes.

o m, ~ N, v0,) and MY ~ N(aD,,, 5(0).

1—a? "1—a /J’a%z’ a—1

® Convergence analyzed using the following quantities

E(t)_dzzzZ( “x) v d“ZZHa

a=1:1=1 a=11=1

av. message error
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Analyzing the messages

Density Evolution

® Used in coding theory to design LDPC codes.

o m, ~ N, v0,) and MY ~ N(aD,,, 5(0).

1—a? "1—a /J’a%z’ a—1

® Convergence analyzed using the following quantities

E(t)_dzzzZ( “x) v d“ZZHa

a=1:1=1 a=11=1

av. message error

“Good” A = | lim (E®, v(¥)) = (0,0) |

t— o0

not practical!
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Designing good sensing matrices

Define: A(-), and p(-) to be the distribution of non-zero entries
in the columns and rows of A.

%, — k? sparse and B = p?/(colog(p/k)) for co > 0. Then
a? < p?/k? and ay < p?/(2cok?log(p/k)) implies
(E®, v(¥)) - (0,0). Where,

a = Y pippdihjn/w /i’

14,7',3.7'

a= Y. pippdiri(i'/ig")

3 TR
zll ’]’J
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Designing good sensing matrices

. d  Dli>atA 5 p?
mn —==""_" st of<i5;a3<_ ———
Aeeﬁdv; P 2i>27P b= k2 = 200k log(p/k)
pELG,

® Let A* and p* be the solution, sample A that satisfies A*
and p*.

e For every nonzero entry of A,

_ . 1
P(Ay = A™%) = P(Ay = —A7%) = 5
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Preferential recovery

® Certain nodes are given more importance

Ty Y HH XHL
Tr = E =
le] ’ lELH ELL]
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Preferential recovery

® Certain nodes are given more importance

Ty Y HH XHL
Tr = E =
le] ’ lELH ELL]

e Key requirements:

1. (VI(JQ, VIgtL), VIE?) — (0,0,0). (zero message variance)

2. We want |65 | < 65| and |64 | < |69, for all
t > Ty for some Ty. (HH has higher priority)
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Preferential recovery

Define: degree distribution for the different parts of the sensing
matrix i.e., Ag(-), AL("), pr(-) and pr(*).

Sensing Matrix Design

d AL vz
mn 2="F Li Lt 2 Wy st Req. 1, and 2;
Auidii P 225 3(PH j + PL;j)
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— 85 (best)
— DE (semi)
— B85 (worst)
— DE (imeg)

Results - regular covariance recovery

[Dim. (z): 200,

k= 0.3]
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BS - denotes baseline sensing matrix (Dasarathy et al., “Sketching Sparse
Matrices, Covariances, and Graphs via Tensor Products”).
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Results - preferential Covariance Recovery

[Dim. (z): 200,

Dim. (y): 60]
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BS - denotes baseline sensing matrix (Dasarathy et al., “Sketching Sparse

Matrices, Covariances, and Graphs via Tensor Products”).

15 /17



Preferential Graph Recovery

[Dim. (z): 200,

Dim. (y): 60]
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Conclusion

Using Density Evolution (DE) analysis the convergence of
the message passing algorithm was reduced to a set of
inequality constraints.

The inequality constraints were then used to pose the
design of A as a convex program.

We also showed how additional constraints can be
incorporated into the framework.

Through numerical experiments we showed the efficacy of
A-matrix designed using our framework.
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