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Abstract

Uncovering causal relationships is a fundamental problem across science and en-
gineering. However, most existing causal discovery methods assume acyclicity and
direct access to the system variables—assumptions that fail to hold in many real-world
settings. For instance, in genomics, cyclic regulatory networks are common, and mea-
surements are often corrupted by instrumental noise. To address these challenges, we
propose RECLAIM, a causal discovery framework that natively handles both cycles
and measurement noise. RECLAIM learns the causal graph structure by maximizing
the likelihood of the observed measurements via expectation-maximization (EM), using
residual normalizing flows for tractable likelihood computation. We consider two mea-
surement models: (i) Gaussian additive noise, and (ii) a linear measurement system
with additive Gaussian noise. We provide theoretical consistency guarantees for both
the settings. Experiments on synthetic data and real-world protein signaling datasets
demonstrate the efficacy of the proposed method.

1 Introduction

Understanding cause-effect relationships among variables is a central problem in science and
engineering Sachs et al. (2005); Friedman et al. (2000). Causal models provide a mechanistic
view of a system, enabling prediction of its behavior under unseen interventions. Causal
relations are typically encoded as a directed graph (DG), where edges represent causal
dependencies, and learning them is naturally posed as a graph structure learning problem.

Causal discovery methods broadly fall into three categories: (i) constraint-based, (ii) score-
based, and (iii) hybrid. Constraint-based methods Spirtes et al. (2000); Triantafillou and
Tsamardinos (2015) identify causal graphs consistent with the conditional independence
constraints observed in data, but scale poorly as the number of required independence tests
grows exponentially. Score-based methods Hauser and Bithlmann (2012) instead optimize a
scoring function such as the Bayesian Information Criterion (BIC) over the space of graphs;
greedy search is typically employed since the search space grows super-exponentially with
the number of nodes. Hybrid methods Tsamardinos et al. (2006); Solus et al. (2021) combine
elements of both approaches.

With few exceptions, most causal discovery methods rely on two key assumptions: (i) the
underlying causal graph is acyclic (a directed acyclic graph, or DAG), and (ii) the system
variables are directly observed. While these assumptions simplify the learning problem, they
are often violated in practice. Variables of interest are frequently latent—for instance, a per-
son’s beliefs cannot be measured directly, but surveys provide noisy proxies of the underlying
state. Furthermore, feedback loops are prevalent in biological systems Freimer et al. (2022),
and such systems often exhibit structured measurement noise such as “dropout.” Imposing



these assumptions in such settings can lead to misleading causal conclusions, limiting the
practical applicability of existing methods.

To address these challenges, we propose RECLAIM, a novel causal discovery framework that
learns latent causal structure while jointly modeling directed cycles and measurement noise.
We consider two measurement noise models: (i) Gaussian additive noise, and (ii) a linear
measurement system with Gaussian noise. Using interventional data, we first estimate the
noise distribution parameters, then employ an expectation-maximization (EM) procedure
to learn the causal graph via likelihood maximization.

1.1 Related Works

Cyclic causal discovery. The prior work on cyclic causal discovery spans across constraint-
based (Richardson, 1996), ICA-based (Lacerda et al., 2012), and score-based (Huetter and
Rigollet, 2020; Améndola et al., 2020) approaches. Several methods also leverage interven-
tional data for structure recovery (Hyttinen et al., 2012; Huetter and Rigollet, 2020). Most
relevant to our work, Sethuraman et al. (2023) proposed a differentiable framework for non-
linear cyclic graphs that models data likelihood directly, bypassing acyclicity constraints.
Sethuraman and Fekri (2025) later extended this to account for latent confounders.

Causal discovery from indirect measurements. Under indirect measurements, causal
discovery broadly splits into two paradigms. Causal representation learning (CRL) aims to
jointly recover latent variables and their causal structure from high-dimensional observa-
tions under unknown transformations. Identifiability has been studied under parametric
assumptions such as linear models (Squires et al., 2023; Buchholz et al., 2023) and polyno-
mial transformations (Ahuja et al., 2024), as well as in fully nonparametric settings (von
Kiigelgen et al., 2023). Causal discovery under measurement noise, by contrast, assumes a
known structural relationship between latents and observations, and focuses solely on re-
covering the causal graph over the latent variables. Harris and Drton (2013); Yoon et al.
(2020) established consistency of the PC algorithm under Gaussian measurement error, and
Saeed et al. (2020) extended this to a general constraint-based framework accommodating
additive noise and dropouts. In the cyclic regime, Sethuraman et al. (2024) address dropout
noise by treating zeroed-out variables as missing data.

1.2 Contributions

In this work, we address two central limitations in causal discovery: (i) inability to handle
measurement error, and (ii) restriction to acyclic graphs. Our main contributions are:

o We introduce RECLAIM, a differentiable causal discovery framework that natively han-
dles nonlinear cyclic relationships in the presence of additive Gaussian measurement
€error.

e We consider two measurement noise models: Gaussian additive noise and linear mea-
surement systems, and provide a consistent estimator for the noise variance when
appropriate interventions are available.

e We establish that exact maximization of the proposed score function under appropriate
interventions identifies the interventional Markov equivalence class of the ground-truth
graph.



o We conduct extensive experiments comparing RECLAIM against state-of-the-art causal
discovery methods on both synthetic and real-world datasets, and show that increasing
the number of measurements results in improved recovery performance.

1.2.1 Organization.

The remainder of the paper is organized as follows. Section 2 introduces the problem setup
and the measurement models under consideration. Section 3 presents the technical details
of RECLAIM. Section 4 evaluates its effectiveness on synthetic and real-world benchmarks.
Section 5 concludes the paper.

2 Problem Setup

2.1 Structural Causal Model

Let G = (X,€) denote a directed graph with vertex set X = {X1,..., X4} and edge set
EC X xX. Let X = (X4,...,X,4) be the associated random (endogenous) variable. The
edge (X;,X;) € £ denotes a directed edge originated from the node X; to the node Xj,
with slight abuse of notation we also denote this edge as X; — X;. Following Bollen (1989);
Pearl (2009), we utilize the framework of structural causal models (SCM) to represent the
functional dependencies in the causal graph. For each ¢ € X', we have the following structural
equation:

Xi = fi(pag(Xs)) + Zi, (1)

where f;, called the causal mechanism, encodes the functional dependency between the
parents and the children. pag(X;) £ {X; € X | X; — X; € £} denotes the parent set of a
node X; € X. The set of variables Z = (Z1,...,Zy) represent the exogenous noise within
the system. We assume that the exogenous noise variables are independent of each other,
ie., Z; L Z; for 4,5 € [d] and ¢ # j. This assumption, also known as causal sufficiency,
excludes hidden confounding and selection bias. Let f = (f1,..., f4) be the combined causal
mechanism, combining eq. (1) for all 7 € [d], we obtain the following:

X =f(X)+2. (2)

However, it is not guaranteed that eq. (2) has a solution, primarily due to the (potential)
presence of cycles in G. As a result, restrictions are necessary on the causal mechanism to
ensure the system attains equilibrium (see appendix A for a detailed discussion). To that
end, following Sethuraman et al. (2023), we make the following assumption on the map
(id — f) : X — Z, which we call the forward map.

Assumption 1. The forward map (id— f): X — Z is a diffeomorphism®.

Finally, the SCM provides us with a probability density for the exogenous noise variables,
which we denote as pz. Given pz, we can obtain the probability density of the endogenous
variables using the change of variable property of probability densities. That is,

pg(X) = pz((d = f)(X))|Jga—rp) (2)|, (3)

where J(iq_5)(X) is the Jacobian matrix of the forward map evaluated at X.

1A function f is a diffeomorphism if f~! exists, and both f and f—! are differentiable.



Interventions.  We consider surgical interventions Pearl (2009) within our framework.
Under surgical interventions, when a subset of nodes X; C X are (surgically) intervened,
we obtain a mutilated graph, denoted as do(I)(G), where all the incoming edges to the
intervened nodes are removed (see fig. 1). We identify an intervention by the index set I C [d]
of the nodes intervened in X. Given a set of intervened nodes X7 C X, let U € {0, 1}4*¢
be a diagonal masking matrix with Uy, = 1 if X € X7, and 0 otherwise. The structural
equations in eq. (2) are then modified as follows:

X =Uf(X)+UZ+C, (4)

where C' € R¢ denotes the values of the intervened nodes. Consequently, under the inter-
vention I, the probability density of the observations is given by

Pao(1)(9)(X) = pc(X1)pz(Zap1) | Jia—u ) (Z)), (5)

where po denotes the interventional density, and Zgy; = [(id - UfNX )} TINE In our
experiments, we assume that the intervened nodes are sampled from a distribution with

known variance 0%.

2.2 Measurement System

In practice, the causal variables X are latent and only indirectly observed; they pass through
a measurement system, yielding measured variables Y = {Y1,...,Y,} (with Y being the
corresponding random variable). Each Y represents a coarsened measurement of X given
by,

Y—j:gj(X7€j)v j:]-?"‘vpv (6)
where g = (g1, .., gp) denotes the coarsening mechanism (also referred as the measurement
channel), and € = (g1, ..., €4) represents any external factor that can affect the measurement

system. We assume that p > d (otherwise, identifiability is ill-posed), and ¢; L ¢;, for
1,7 € [p] and ¢ # j. This results in a combined measurement graph, denoted as G,,, whose
vertex set contains both the latent variables X and the measured variables ), i.e., X U ),
see fig. 1.

In our work, we deal with two different types of measurement system:

1. Gaussian additive noise: In this case, p = d, g; ~ N(0,0?), and
Y;:Xl+€l, Zil,,d (7)

Given the latent variables X, the density of the measurements is also Gaussian, i.e.,
Y | X =2 ~ N(z,D.), where D, = Diag(o{,...,03). We refer to pyx (Y | X) as
the measurement channel density.

2. Linear measurement system with Gaussian noise: Similar to the previous set-
ting, we have ¢; ~ N(0, 0]2). However, in this case, p can be larger than d, i.e., p > d,

and
d

Y= AjXi+ej. (8)

i=1
The matrix A = [A;;], with ¢ € [d] and j € [p], is referred to as the measurement
matriz, and is assumed to be known and full (column) rank. Given the latent variables
X, the conditional density of Y is again Gaussian, i.e., Y | X = ~ N(Az,D.),

where D, = Diag(07,...,07).
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Figure 1: (a) Ilustration of a causal graph G,, encoding both the system variables X and
the measured variables ) for a linear measurement system. (b) Mutilated graph, do(1)(G,,),
resulting from a surgical intervention on Xs.

Goal. Given a set of interventions Z = {I;}5_,, our goal is to learn structure of G by
maximizing the log-likelihood of the coarsened measurements. We present our approach
towards addressing this problem in the next section.

3 RECLAIM Causal Discovery Framework

Let 0, ¢ represent the parameters of the latent variable density pg(X) and the conditional
measurement density py|x (Y | X), respectively. For an interventional experiment I C [d],
we aim to learn the causal graph structure G by maximizing the likelihood of the observed
variables. However, this maximization is generally intractable, since

p(Y |0, 1) = / pasinye)(X | ) pyx (Y | X, ¢)dX

does not admit a closed-form solution in general.

To address this intractability, RECLAIM adopts an EM-based approach that maximizes
a tractable lower bound on logp(Y | 0,¢). We now describe the framework in detail,
beginning with defining the score function to be maximized, followed by an overview of
the EM-based optimization procedure. We then detail the technical components of the
expectation step: estimating the measurement process parameters, computing the latent
likelihood, and sampling latents conditioned on the observations. Finally, we establish the
theoretical guarantees of RECLAIM, showing that exact maximization of the score function
recovers the true causal structure up to Markov equivalence.

3.1 Score Function

Given a family of interventions Z = {I}}/ | and a causal graph G, we define the score
function as the regularized log-likelihood of the observed variables under each interventional
regime. Following Sethuraman and Fekri (2025), this takes the form:

K

S7(G) £ sup > By, logp(Y | 0,,11) — A|G], 9)

0.¢ k=1

where p(*) denotes the data-generating density under the k-th interventional experiment Iy,
and A|G| is an fy-type sparsity penalty on the edge set of G.

In practice, we assume access to a collection of finite samples per interventional experiments,
Dz = {{y(k’é)};il K . Thus, the expectation in eq. (9) is replaced with sample mean.



Finally, we maximize the score function over the space of graphs G resulting in the following

score function:
K ng

Sz(Dz) £ sup Y Y logp(y™? | 6,6, 1) — AlG|. (10)

9:0:¢ =1 1=1

3.2 Optimizing The Score Via Penalized Expectation-Maximization

As discussed earlier, the intractability of eq. (10) stems from integrating out the latent
variables, precluding a closed-form solution. To circumvent this, we adopt the penalized
EM framework of Chen et al. (2014). Beginning from an initial guess 8° for the latent SCM
parameters (encompassing both the neural network weights and the graph adjacency), the
algorithm alternates between the two steps below until a convergence criterion is met:

E-step: Given the current parameter estimate 8¢ and the observations, form the surrogate
objective Q(0 | 8%) as the expected complete-data log-likelihood:

K ng

Q016 =33 Ex iyt gy | 108p(X 3™ 6,6.1,)). (11)
k=1 /(=1

where qf) denotes the estimated parameters of the measurement channel (see section 3.3 for
details), and

logp(X,y™9 | 0,6, I.) =10g pao(ry(c) (X | 0) +logp(y*9 | X, ). (12)

M-step: Update the parameters by solving the penalized maximization of the surrogate:

0t = arg max Q86" — \R(9), (13)
where R(0) is a sparsity-promoting regularizer on the graph.

The maximization in the M-step is carried out with stochastic gradient ascent. A key
observation is that the surrogate Q serves as a lower bound (up to a constant) on the
marginal log-likelihood:

K ng

ZZ]Oggp(;y(k’e) |6, , Ik) > Q(0 | 6") — const. (14)

k=1 /=1

Consequently, each M-step improves a valid lower bound on the observed-data log-likelihood
rather than optimizing it directly. A formal derivation of eq. (14) and a convergence analysis
are deferred to appendix B.

3.3 Estimation of Measurement System Parameters

Computing the surrogate objective Q in eq. (11) requires evaluating the measurement chan-
nel density, whose parameters are a priori unknown and must therefore be estimated from
data. In the two measurment processes under consideration (Gaussian additive noise and
linear measurement system), the unknown parameters correspond to the variances of the
additive noise, which fully identify the measurement channel. Since the latent variables X
are not directly observed, estimating these parameters requires additional structure on the
data-generating mechanism. We formalize this as the following condition on the intervention
family 7.



Condition 2 (Measurement Channel Identifiability). An intervention family T = {I;}5_,
is measurement channel identifiable if, for each node X; € X, there exists an intervention
I, € Z such that X; € Xy, .

Intuitively, condition 2 requires that every latent variable is targeted by at least one in-
tervention, ensuring that its variance is known under that interventional regime and can
therefore be used to identify the measurement noise. We now show that this condition is
sufficient to identify the measurement parameters for each of the three noise models under
consideration.

3.3.1 Gaussian Additive Noise.

Since X and e are independent, the marginal variance of Y; decompObeb as 0y, = 0%, +0}

where 032, can be estimated directly from observations. While O’X is generally unknown
under observational data, condition 2 guarantees the existence of an intervention I € 7
under which X; is intervened upon, fixing its variance to the known interventional variance

0%. The measurement noise variance is then recovered as o7 = 0y, — 07.

3.3.2 Linear Measurement System with Gaussian Noise.

In this setting, each observed variable Y is a linear mixture of all latent variables (cf. eq. (8)),
making direct variance decomposition infeasible. Notably, condition 2 does not require a
single intervention targeting all nodes simultaneously. Instead, we exploit the structure of
the measurement matrix A via the following proposition.

Proposition 3. Let A € RP*? be the measurement matriz with rank(A) = d, let a; denote
the i-th column of A, and let A_; denote the measurement matriz excluding the i-th column.
Then, there exists a vector t € RP such that ATt =0 and a, t # 0.

We defer the proof to appendix C.1. The key idea is to project the observations onto a
direction t; that isolates the contribution of X;. Specifically, choosing ¢; such that AT ,t; = 0
and a; t; # 0, and letting (; = ¢, Y, we obtain:

G=tY =t] AX +t]e=(t] a))X, +t]e.
Since X and e are independent, the variance of (; decomposes as:

ol = (t] a;)’0%, +t/ D.t;. (15)

Condition 2 guarantees the existence of an intervnetion Iy containing X;, and 0%, = 07.

Letting t¥ £ ¢, O t;, b; = O'g (t]a;)?02, and o2 = (02,.. .,02), eq. (15) reduces to the
linear equation (t7)Ta? = b;. Aggregating sufficiently many such projection vectors into a
matrix Ty = [(t*))]], the noise variances are recovered by solving the convex least-squares
problem:

. 2
;912%||T202_b“2' (16)

This approach requires Ts to have rank p, which may not always be achievable. However,
the following theorem shows that this is a generic property of the measurement matrix.

Theorem 4. Let A € RP*? with p > d and rank(A) = d. For each i € [d], let S;(A) =
N(AT)), and define the admissible projection set as

d

T(A) 2| J{te Si(A):a/t#0}.

i=1



Let A denote the set of full-rank matrices A for which no choice of t .t € T(A)
yields rank(T2) = p. Then A has zero Lebesque measure.

We defer the proof to appendix C.2. The projection vectors t’s are sampled to construct Ty
using the procedure detailed in algorithm D.1 in appendix D.1.

3.4 Computing Likelihood of Latent Variables

From egs. (11) and (12), computing the surrogate loss function Q requires evaluating log
likelihood of the latent variables, log pao(r,)(g)(X | 8). We describe how this is computed
by detailing the SCM parameterization and the associated log-likelihood.

Modeling the Causal Mechanism. We model each causal mechanism f; in eq. (1) using
a contractive neural network, i.e., a neural network with Lipschitz constant less than one,
which is enforced during training by rescaling layer weights by their spectral norm Behrmann
et al. (2019). Contractivity guarantees, via the Banach fixed point theorem Rudin (1953a),
that the map (id — Uf) is invertible (ensuring that assumption 1 is satisfied) and the log-
determinant of its Jacobian is well-defined.

To prevent spurious self-loops and encourage sparsity, we introduce a dependency mask
M € {0,1}9*4 with zero diagonal, whose entries are treated as Bernoulli random variables
sampled via the Gumbel-softmax distribution Jang et al. (2016), M ~ py(M | 8). The
causal mechanism then takes the form:

[Fo(X)]; = [NNo(M.; © X)];, (17)

where M, ; denotes the i-th column of M. and the sparsity penalty is R(0) = Engp,, (.j0)[| M1

Log-Determinant of the Jacobian. Given the contractive neural network parameter-
ization in eq. (17), the log-likelihood in eq. (11) requires evaluating the log-determinant
of the Jacobian of (id — Uf). Naive computation of the log-determinant of the Jacobian
function has a computation cost that is O(d®). However, since the causal mechanism f is
contractive, the log-determinant admits the convergent power series expansion Behrmann
et al. (2019):
— 1
log | det Jga_up(X)| = — > —Tr{J{J”f(X)}. (18)

m
m=1

The terms in the power series only depend on the trace of the powers of the Jacobian
matrix, and hence reduces the computation cost to O(d?). However, Truncating this series
introduces bias, which we correct using the Russian roulette estimator Chen et al. (2019),
and reduce the per-iteration cost using the Hutchinson trace estimator Hutchinson (1989).
This results in the final unbiased estimator given by eq. (29) in appendix D.2. We defer the
details to appendix D.2.

3.5 Sampling Latents Given the Observations

With the measurement parameters ¢A) estimated and the latent likelihood in hand, the re-
maining challenge in evaluating Q is computing the posterior expectation over X. Since the
nonlinear causal mechanisms preclude a closed-form posterior, we employ Sampling Impor-
tance Resampling (SIR) Smith and Gelfand (1992) to draw approximate posterior samples.



We draw S proposal samples {z(®)}5 | from a Gaussian proposal ¢(X | y) = N(u,, D.),
where the proposal mean p, depends on the measurement model:

)y additive Gaussian and dropout, (19)
Hy = (ATA) ATy linear measurement system.
Each sample is then assigned an importance weight proportional to:
)| @ (s) 9

q(z® | y)

and a final set of samples is obtained by resampling from {X(*)}5_, according to the nor-
malized weights {@(*)}5_,.

3.6 Consistency Under Exact Maximization

Having established the practical components of RECLAIM, we now turn to its theoretical
justification. The following theorem shows that exact maximization of the score function
in eq. (9) recovers the true causal structure up to Z-Markov equivalence. Specifically, the
graph G obtained by maximizing eq. (9) lies in the same general Markov equivalence class
as the ground-truth graph G* Bongers et al. (2021) across all interventional settings Iy, € Z.

Theorem 5. LetZ = {Ik}ff:l be a family of interventional targets satifying condition 2, let
G* denote the ground truth directed graph, p™*) denote the data generating distribution for
I, €L, and G := argmaxg S(G). Then, under assumptions C.8 to C.11 and C.13, and for
a suitably chosen A > 0, we have that G =7 G*. That 18, G is T-Markov equivalent to G*.

Here, we provide an overview of the key assumptions needed for theorem 5, as well as proof
sketch below. See appendix C.3 for the full assumptions as well as the complete proof.
Assumption C.8 ensures that the data-generating distribution lies within the model class,
assumption C.9 guarantees that all the statistical independencies observed in the data is
a result of o-separation in the data generating graph (Forré and Mooij, 2017). Assump-
tions C.10 and C.11 prevent the score from diverging to infinity. Finally, assumption C.13
ensures that the map from latent distribution to the observed distribution is injective.

Proof (sketch). Building on the characterization of general directed Markov equivalence
class by Bongers et al. (2021), extended to the interventional setting, we show that any
graph outside this equivalence class has a strictly lower score than the ground truth graph
G*. This follows from the following two facts: (i) certain independencies present in the data
are not captured by graphs outside the equivalence class, and (ii) each latent distribution
results in a unique observed distribution. Combined with the expressiveness of the model
class, this prevents such graphs from fitting the data properly. O

4 Experiments

We evaluate RECLAIM on both synthetic and real-world datasets against three state-of-
the-art baselines: NODAGS-Flow Sethuraman et al. (2023), DCDI Brouillard et al. (2020),
and Anchored-CI Saeed et al. (2020). Together, these baselines span the key axes of
comparison—NODAGS-Flow handles cycles and interventions but not measurement error;
DCDI handles interventions but assumes acyclicity and ignores measurement error; and
Anchored-CI models measurement error but assumes acyclicity and operates on observa-
tional data only. Since Anchored-CI returns a CPDAG representing a Markov equivalence
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Figure 2: Performance comparison with varying minimum noise standard deviation (o)
(top), and varying number of latent nodes (d) (bottom) for Gaussian additive noise system.
Shaded regions show +1 standard deviation over 10 trials.

class, we evaluate it on observational data and report the best score across all graphs in the
equivalence class.

4.1 Synthetic Experiments

In all our synthetic experiments, cyclic graphs were generated using the Erdds-Rényi (ER)
random graph model with the expected outgoing edge density set to 2. RECLAIM and the
baselines were evaluated on nonlinear SCMs with the latent variables generated using the
following structural equations:

x = tanh(WTw) + z,

where the weighted adjacency matrix is faithful to the graph generated using the ER model,
and 0.2 < |le| < 0.9. The matrix W was rescaled to ensure that the causal mechanism
remains contractive. The training dataset consists of observational data and single node
interventions over all the nodes in the graph, i.e., Z = 0 U {{i}}%_,. For each interventional
experiment I, € Z, the intervened nodes X; € X, were sampled from N (0, 1), with N =
1000 samples per intervention.

We report performance using two metrics: AUPRC (higher is better) and SHD (lower is
better). AUPRC summarizes edge recovery quality across thresholds, while SHD counts
the number of edge additions, deletions, and reversals needed to recover the ground truth
graph. Since SHD requires a binary adjacency matrix, we threshold the estimated edge
probabilities at 0.8.
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Figure 3: Performance comparison with varying number of measurements (p) (top), and
varying minimum noise standard deviation (o) (bottom) for Linear measurement system.
Shaded regions show +1 standard deviation over 10 trials.

4.1.1 Gaussian Additive Noise.

We now consider the Gaussian additive noise setting, where measurements are corrupted
as described in eq. (7). We evaluate all methods as a function of the minimum measure-
ment noise scale o, and the number of latent nodes d, probing robustness and scalability
respectively, with results shown in fig. 2.

Sensitivity to measurement noise scale. We fix d = 10 and vary o, between 0.1
and 0.9, with oax = omin + 0.3. As shown in fig. 2 (top), all methods degrade as omin
increases, but RECLAIM degrades more gracefully, the performance gap over the baselines
widens with noise scale, highlighting the benefit of explicitly modeling measurement error.
NODAGS-Flow matches the performance of RECLAIM when op,;, = 0.1 as the influence of
noise is very low at that scale.

Impact of number of latent nodes. We fix oy = 0.5 and opax = 1, and vary d
between 10 and 50. As shown in fig. 2 (bottom), performance degrades for all methods
as d increases, but the gap between cyclic methods (RECLAIM and NODAGS-Flow) and
acyclic methods (DCDI and Anchored-CI) widens substantially, suggesting that the cost of
misspecifying graph structure compounds with graph size.

4.1.2 Linear Measurement System.

We now consider the linear measurement system setting, where measurements follow eq. (8)
with A;; ~ N(0,1.5). We evaluate all methods as a function of the number of measurements
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Figure 4: Estimated graph learnt from Sachs et al. Sachs et al. (2005) dataset

p and the minimum noise scale o, probing the effect of measurement redundancy and
noise robustness respectively, with results shown in fig. 3.

Impact of number of measurements. We fix d = 10, opin = 0.3, omax = 0.6, and vary
p between 10 and 20. As shown in fig. 3 (top), all methods perform poorly at p = d = 10,
but RECLAIM recovers sharply as p increases, achieving near-perfect recovery for p > 12.
This suggests that even modest measurement redundancy is sufficient for RECLAIM to
disentangle the latent structure, whereas the baselines continue to struggle across the full
range of p.

Sensitivity to measurement noise scale. We fix p = 15,d = 10 and vary o,y between
0.1 and 0.9, with oyyax = Omin+0.3. As shown in fig. 3 (bottom), the overall trend mirrors the
Gaussian additive noise setting (all methods degrade with increasing noise), but RECLAIM
degrades more gracefully than the baselines. Notably, RECLAIM is more robust here than
in the Gaussian additive noise setting (AUPRC of 0.88 vs 0.84 at oy, = 0.9), which we
attribute to the additional structure provided by the linear measurement system allowing
for more accurate noise parameter estimation.

4.2 Real-World Protein Signaling Dataset

We evaluate RECLAIM and t.he .basel.ines on the Sac-hs Table 1: Performance compar-
et al. Sachs et al. (2005) protein signaling dataset, which ison with respect to SHD on
consists of fluorescence intensity measurements of phos- Sachs et al. Sachs et al. (2005)
phorylated proteins and phospholipid components in hu-
man immune system cells across 13 interventional en-
vironments. These measurements are noisy proxies for
true protein levels, corrupted by instrument and anti-

dataset

Method SHD

body staining noise Krutzik et al. (2004). Importantly, RECLAIM 19
11 proteins and phospholipids are measured, making this NODAGS 22
a natural testbed for causal discovery under measurement DCDI 21
noise. Anchored-CI 19

We train RECLAIM on the first 9 interventional envi-

ronments. Since the true variance of the intervened proteins is unavailable, we treat the
measurement noise variance as a learnable parameter. The estimated signaling network
after 200 epochs is shown in fig. 4, with SHD scores relative to the Sachs et al. Sachs et al.
(2005) ground-truth reported in table 1.
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The Raf<sMek cycle recovered by RECLAIM is consistent with the well-documented neg-
ative feedback from ERK to Raf-1 Sturm et al. (2011), which DAG-constrained methods
structurally cannot recover. We note that the ground-truth graph from Sachs et al Sachs
et al. (2005) is itself a DAG, despite feedback loops being known to exist in these sys-
tems Sturm et al. (2011)—meaning our SHD scores are conservative with respect to RE-
CLAIM’s true recovery performance.

Additional experiments. Additionally, we also provide results in appendix E for the
following settings: (i) varying number of cycles in latent graph, (ii) varying degree on
nonlinearity of latent SCM, and (iii) varying sparsity of the latent graph.

5 Discussion and Conclusion

In this work, we introduced RECLAIM, a differentiable causal discovery framework that
jointly handles cyclic causal graphs, interventional data, and measurement noise in a unified
probabilistic framework. Unlike existing methods that assume acyclicity or direct observa-
tion of system variables, RECLAIM operates on coarsened measurements across two noise
settings: additive Gaussian, and linear measurement systems. We establish consistency
of the graph estimator in the large-sample regime and demonstrate through experiments
that RECLAIM outperforms state-of-the-art baselines, with particular gains in cyclic and
high-noise regimes.

A key limitation is the reliance on interventional data for measurement noise parameter
estimation—insufficient interventional coverage can degrade both noise estimation and graph
recovery. Future directions include relaxing this requirement, extending support to soft and
unknown interventional targets, non-Gaussian exogenous noise, and jointly learning the
measurement system from data.
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Appendices

The appendices are organized as follows. Appendix A discusses the solvability of the SCM
considered in the work. Appendix B analyses the convergence of the EM algorithm in
RECLAIM. Appendix C contains all the proofs. Appendix D provides additional details on
the implementation of RECLAIM and the baselines. Finally, appendix E provides additional
experimental results and training time comparison between RECLAIM and the baselines.

A Solvability of Cyclic SCMs

Consider the cyclic SCM defined below:
X=fX)+Z. (21)

In general, it is not guaranteed that eq. (21) has solution, this is primarily due to the
(potential) presence of cycles in G. In order to see why this is true, note that, we can view
eq. (21) as the unique fixed point (if it exists) to the following discrete time dynamical
system:

X(t+1)=f(X(t)+ Z, (22)

where X (t) denotes the value of the random variable X at time ¢. In the following example,
we illustrate how the choice of f dictates whether or not eq. (22) attains a unique fixed
point.

Example A.1. Consider X1, X2 € R given by the following structural equations:
Xl(t+1):aX2(t)+Z1, Xg(t+1):bX1(t)+Z2

Figure 5 shows an illustration of the evolution of trajectories for two different choices of the
parameters (a,b). From the right plot we can see that when we set a = 1.2, and b = 2.3, the
systems is unstable and trajectory diverges. On the other hand, when a = 0.7 and b = —0.8
(left plot), the system is stable and reaches a stationary point.

To ensure eq. (22) admits a unique fixed point, we must impose additional restrictions on
the causal mechanism f. One sufficient condition is to require f to be contractive.

Definition A.2 (Contractive function). A function f : R? — RY is said to be contractive
if there exists a constant L < 1 such that for all x,y € R?,

1 () = F()lly < Lllz =y,

The constant L is called the Lipschitz constant.

When the causal mechanism f is contractive, Banach fixed point theorem gaurantees that
eq. (22) has a unique fixed point (Rudin, 1953b, theorem 9.23). Consequently, the causal
mechanisms considered in this work are restricted to be contractive and neural networks
are used to model the causal mechanism in practice. Contractivity is achieved via spectral
scaling of the layer weights as described in section 3.4 in the main paper.

B Convergence of EM algorithm

Here, we provide the convergence analysis of RECLAIM’s EM-based score maximization
algorithm. Let ©®) = (9(’5), ¢). For ease of notation, we focus on a single interventional
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X, a=07and b=-0.8 Xo a=12and b=2.3
3 1
4 1
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2 1
1 1
X1 Xl
1 2 3 1 2 3

Figure 5: Illustration of state evolution for different choice of a and b for the system defined
in example A.1. (Left) Choosing @ = 0.7 and b = —0.8 results in a stable system and the
system reaches a fixed point. (Right) Choosing a = 1.2 and b = 2.3 results in an unstable
system and the trajectory diverges.

experiment I, € Z. However, the final result would still hold even when we consider the sum
of likelihood over all the interventional experiments. Our analysis relies on the convergence
of the EM algorithm Wu (1983); Friedman (1998), with the crux of it relying on establishing
that the total log-likelihood of the observed variables either increases or stays the same in
each iteration of the algorithm. That is,

Nk Nk
> logp(y™? | @ 1) > logp(y ™) | O, 1) (23)
=1 (=1

To that end, note that

Nk Nk
> logp(y™? | ©,1,) =) logp(y™ Y, X*0 | ©, 1))
=1

=1

N
= logp(X*0 | y*9, @, 1)
i=1
Taking expectation with respect X (k) | y*8 on both side, we get

nE Nk
> logp(y* | ©,1k) =Y Exonynn e logpy* | ©, 1)
i=1 i=1

nk
= Z]Ex(k:,é)ly(k,é);@t logp(y*™9, X9 | @, 1))
i=1

=Q(816")
ng

- Z ]EX(k,Z)ly(k,Z);gt logp(X(k7l) | y(k’z)7 O, Ik). (24)
i=1

The first term on the RHS in the above equation is nothing but Q(8|6"). This is maximized
in the M-step, i.e., Q(8]0'™!) > Q(6]6"). On the other hand,

p(X(k,é) | ,y(lc,e)7 @H_l,[k)
p(XED [y®D O T,)

s
E Ex(k,l) ly(k:0) @t log
=1

— Dkr (p(X(k’Z) | y*9, 0", 1) |p(X *1) |y, @Hl,fk)) <0.
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Thus,

g
Z EX(k,Z)ly(k,Z);@t logp(X(k’g) | y(k’e), @t+1, Ik)

i=1

ng
< ZExwmy(k,n;@t logp(X*0 | y*™O @', I;). (25)
=1

From combining eqs. (24) and (25), we can see that at the end of the M-step eq. (23) is
satisfied. Thus, RECLAIM reaches a stationary point of the optimization objective.

C Proofs

All the proofs are contained in this section. Starting with proof of proposition 3 in ap-
pendix C.1. Appendix C.2 contains the proof of theorem 4. Finally, appendix C.3 contains
the proof for theorem 5.

C.1 Proof of Proposition 3

Proof. The claim of the proposition is equivalent to the following statement:

Since rank(A) = d, the vector a; ¢ span({a;};2;) as the columns of A are linearly inde-

pendent. Furthermore, the null space of AL is the orthogonal complement of the span of

the columns of A_;, i.e., N(AT,) = span({a;};.i)*.

Now, let us assume, for the sake of contradiction that for each t € RP such that A—_rit =0,
we have a, t = 0. This would mean that

Taking orthogonal complement on both sides, we get
(ai)t cN(AL)L

Note that, (a;")* = span(a;), and also that N'(AT,)* = span({a;};«;). That is, span(a;) C

7

span({a;};.i). This is a contradiction. Thus, there exists a vector ¢ € R? such that a, t # 0
and ATt =0. O

C.2 Proof of Theorem 4

Before we prove the theorem above, we state a technical lemma from functional analysis
which is utilized in the proof of the theorem.

Lemma C.1. Let P : R™ — R be a non-trivial polynomial, then the zero set of P has zero
Lebesgue measure.

See Folland (1999) for more details on lemma C.1. We are now ready to prove theorem 4

Theorem 4. We divide the proof into two parts. In part 1, we show the existence of a
measurement matrix Ag that is not a part of A. Then, in part 2, using the result from part
1 we then conclude that the set A has zero Lebesgue measure.
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Part 1: Existence of a measurement matriz Ay such that To is full rank

For p > d, let us define A as follows:

Ay = {I(‘)i], ie,ap;=¢; fori=1,...,d.

Fori=1,...,d, let tV) =¢;, and for i = d+1,...,p, let t) =g, +¢;. It is easy to check
that {¢t(, ... ¢t} C T(Ag). Thus, T takes the following form:

1, 0}

T =
2 |:E1,pd Ipfd

where By ,_4 € RP—4Xd denotes a matrix with ones in the first column and zeros everywhere
else. Clearly, rank(T3) = p, i.e., To is full rank. Thus, we have shown the existence of a
non-trivial measurement matrix Ag ¢ A.

Part 2: A has zero Lebesque measure

Since rank(A) = d, we know that rank(A_;) = d — 1, and thus, AT, € R(¢=DXP has rank
d — 1. Then, there exists a subset of rows J; C {1,...,p}, with |J;| = d — 1 such that the
square matrix

M;(A) £ (A_;) . € RUUDxE=D
is invertible.

Let t be such that ATt = 0 for some i € [d]. Then,
M;(A) "ty + Ri(A) "t g, =0,

where R;(A) denotes the submatrix of A formed by rows not included in .J;. Since M;(A)
is invertible, we have

tJi = —(Mz(A)T) RZ(A)Tt[p]\Jl

Thus, every admissible ¢ has to have the following form:

t(Av u) = [_ (MZ(A)T)

u

-1

Rl(A)TU] , u € Rp—d.

Moreover,
-1 _ adj(M;(A))
Mi(A)™ = det(M;(A))

Thus, the each coordinate of ¢(A,u) are: linear in u, divided det(M;(A)), and multiplied
by polynomial functions of entries of A. Upon taking Hadamard product with itself, each
entry of t© is a polynomial function of w and the entries of A divided by the determinant
of the minor matrices.

Suppose we choose p such vectors t(1), ... ¢®) (each possibly corresponding to different
column of A). The determinant of the resulting T5, det(T3) is also polynomial in w9, for
¢ € [p]; and polynomial in entries of A along with a division of the determinant of the minor
matrices. That is,

Polynomial in A, u®, ... u®

f_1 det(M(A))™

det(TQ) =
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Let us define .
D(A) £ ] det(M,(A))*
=1

and
PA,uM, ... u®)2 D(A)-det(Ty).

Note that, since the minor matrices are invertible

PA,u, . u®)=0 < det(T3) =0.

In Part 1, we showed the existence of an Ay and uél), ceey uép) such that P(Ay, ugl), . ,uép)) =+

0. Thus the polynomial P is non-trivial. Hence, from lemma C.1, the zero set of P has zero
Lebesgue measure. Thus, A—which is a subset of the zero set of P—has zero Lebesgue
measure. O

C.3 Proof of Theorem 5

In this subsection we provide the proof of consistency of RECLAIM under exact maximiza-
tion. We start by reviewing the relevant definitions and prior results required to prove
theorem 5.

C.3.1 Preliminaries

Consider a directed graph G = (X,£). A path 7 between nodes X; and X}, is a sequence of
nodes (X;,, Xiy,-.., X, ), with X;, = X;, X; = Xy, and every two consecutive nodes in
the sequence are connected by an edge, i.e., either X;, — X;. ., € £or X;, + X;,,, €& for
allj =0,...,n—1, with X. A path is directed if all the edges from X; to X}, are oriented the
same way. A cycle through node X; consists of a directed path from X; to a node X; and the
directed edge X; — X;. For a node X, the set of ancestors is defined as ang(X;) := {X; €
X | a directed path exists between X; and X;}. Similarly, the descendant of a node is de-
fined as deg(X;) := {X,; € X | a directed path exists between X; and X;}. The strongly
connected component of a node X; is given by the intersection of the ancestors and the de-
scendants of X, i.e., scg(X;) = ang(X;)Ndeg(X;). We can apply these definitions to subsets
Xy by taking the union over all the elements in the subset, i.e., deg(Xy) = U;epdeg(X;). Fi-
nally, a node X; is called a collider in a path 7 if it satisfies the following two conditions: (i)
it is a non-endpoint node, and (ii) the subpath (X, X;, X;) is of the form X, — X, + Xj.

In a cyclic graph, the notion of o-separation was introduced by Forré and Mooij (2017)
to relate structural properties in the graph to independencies observed in the generated
distribution.

Definition C.2 (o-separation). Let G = (X,&) be a directed graph and let Xo C X be a
subset of nodes. A path m = (X;,, Xiy, ..., X4, ) is said to be o-blocked given X¢ if

n

1. the first node of m, X;, € X¢ or its last node X, € Xc, or
2. m contains a collider X; ¢ Xc,

3. m contains a non-collider X; € Xc that points towards a neighbor that is not in the
same strongly connected component as X; in G, i.e., Xy < X; € m and Xy, ¢ scg(X;),
or X; = X, em and X ¢ scg(Xj).
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The path w is said to be o-open given X¢ if it is mot o-blocked. Two subsets of nodes
Xa,Xp C X is said to be o-separated given Xo if all the paths between X, and Xy, where
a € A and b € B, are o-blocked given X¢, and is denoted by

XAJ;_XB | Xe.

When the graph is cyclic, o-separation defined above reduces to the standard d-separation.
We node define the property that connects o-separations with distributional independencies.

Definition C.3 (General directed global Markov Property Forré and Mooij (2017)). Let
G = (X,€&) be a directed graph and p denote the probability density of the observations
X. The probability density p satisfies the general directed global Markov property if for
Xp, X, Xo C X

XAJQ-XB | XC — )(ALAXB|)(C7
p

where X 4 L, Xp | X¢, denotes conditionally independence of X 4 and Xp given Xc with
respect to p.

Joint causal modeling of interventions. We adopt the joint causal inference (JCI)
framework proposed by Mooij et al. (2020) to unify multiple interventional settings into a
single representative system. This is done by augmenting the system with context variables
Cz = (Ch,...,Ck), where Cy corresponds to the k-th interventional setting Iy, we call
this the meta system. We consider the system to be under the k-th interventional setting
when C; = 0 for j # k and C) = &, where &, € R+, Additionally, we construct
an augmented graph GZ consisting of both the latent system variables X and the context
variables Cz. The children of each context variable C}, are the interventional targets in Iy,
i.e., chgz(Cy) = Xr,. Note that there are no edges going from variables in X' to the context
variables Cz, see fig. 6. Finally, given a family of interventional targets Z = {I;}5_,, and
the corresponding context variables Cz, the structural equations governing the meta system
is given by

~ Ch)i if , 3k € [K]st. Cx #0,X; € X,
filpagz (X;), Z;) = (C) ' 6 [K]s w70, X €4y
fi(pag(Xi)) + Z;, otherwise.

Note that pagz(X;) includes both latent system variables and the context variables. The
meta-SCM above defines a probability distribution over the joint meta-system variables:

pgz (X, C1) = pgz (Cz)pgz (X | C1), (26)

where pgz(Cz) is called the context distribution and as noted by Mooij et al. (2020), the
behavior of the system is unaffected by the context distribution. Furthermore, when Cj, = ()
for all k € [K], pgz(X | Cz) becomes the observational data, and

pgz(X | Cr = &1, C_i, = 0) = Pao(1,)(0) (X)-

Recall, for the interventional setting Ij, probability density governing the latents X is given
by eq. (5) which we repeat here for convenience

Pdo(1)(6)(X) = pc(X1)pz (Zapg) | Joa—us)(2)].

Definition C.4. Let G = (X,€) be a directed graph, and T = {I;} | be a family of
interventional experiments. Let Mz (G) denote the set of positive densities pgz : R2 5 R
such that pgz is given by eq. (26) for all f:R? — Re, with f;(X) = fi(pag(X;)), such that
the resulting forward map (id — f) is a diffeomorphism, for all (O’%’l, . ,O’%’d) such that
Z ~ ./\/'(07 Diag(a%17 . ,0%71()).
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Figure 6: Illustration of the augmented graph GZ corresponding the set of interventional
targets Z = {0, {1},{3}}. (b) and (c) represent the mutilated graph obtained after inter-
ventions on X; and X3 respectively. The augmented graph is the union of G, do({X1})(G),
and do({X3})(G) along with the context variables Cy and Cs.

Mz(G) denotes the set of interventional density generated by GZ. We now show that these
densities satisfy the general directed global Markov property.

Proposition C.5. Let G = (X,€) be a directed graph, and T = {I;}5_| be a family
of interventional experiments, let p € Mz(G), then p satisfies the general directed global
Markov property relative to GT.

Proof. For a directed graph G and a choice of f : R — R? such that the forward map
(id — f) is a diffeomorphism, the structural equations are uniquely solvable with respect to
each strongly connected component of G. Moreover, since the addition of context variable
doesn’t introduce any cycles, from (Bongers et al., 2021, Theorem A.21), the distribution
pgz is unique and it satisfies the general directed global Markov property. O

Given a family of interventional experiments, we now define a notion of an equivalence class
of directed (cyclic) graphs based on the set of distributions induced by them.

Definition C.6 (Z-Markov Equivalence Class). Two directed graphs G and G’ are T-Markov
equivalent if and only if Mz(G) = Mz(G'), denoted as G =1 G'. The set of all directed
graphs that are T-Markov equivalent to G is the T-Markov equivalence class of G, denoted
as T-MEC(G).

C.3.2 Proof of Theorem 5

We now prove the main theoretical contribution of this work. Recall the score function
defined in section 3.1

K

S7(G) £ sup > Ey,m logp(Y | 0,¢, 1) — MG,

6,9 k=1

where p(*) is the true data-generating distribution for Z = {I;}X_,, and (8, ¢) represents
the model parameters (latent SCM and measurement process). In the context of the meta
system, the score function above is equivalent to the following score:

SI(g) £ SupE(Y,C’)Np; logng(Ya C | 97 ¢) - )\|g|v

)
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where p5 denotes the joint ground-truth distribution for the observed and the context vari-
ables, and pgz (Y, C | 0) is given by

pg=(Y.C | 0,) = /X (Y | X, $)pg=(X,C | 9) dX. (27)

Note that p(Y | X, ¢) is defined by the measurement process g(X,€).

We define Pz(G) as the set of all distributions pgz (X, C | 8) that can be expressed by the
model specified by eqgs. (2) and (5) in the main paper, and eq. (26). That is, Pz(G) :=
{p|30stp=pgz(-| )} Thus, it is clear that Pz(G) C Mz(G). Similarly, we define
the of observed distributions expressable by G, denoted as Py z(G) = {p | 3(0,¢) s.t. p =
pgz(- | 6,¢)}. In the following proposition we show that Py 7(G) is uniquely determined by
a p € Pz(G) when Z satisfies condition 2.

Proposition C.7. Let T = {I;}X | be a family of interventional experiments satisfying
condition 2. Then for a fixed set of measurement parameters ¢, under both Gaussian additive
noise (GAN) measurement process and linear measurement system, the map T : Pr(G) —
Py.z(G) given by eq. (27) is injective.

Proof. Under condition 2, the measurement noise variance is fully identifiable (see section 3.3
for more details). For sake of simplicity, let us assume that the noise variances are equal
(the conclusion even otherwise) and set to o2. Taking the characteristic functions of Tp =
Tp' and dividing by the non-vanishing Gaussian factor e~ I€I°/2 vields E, [e‘i‘ETh(X )] =
E, [e‘i‘STh(X)] for all £&. Here, f(X) = X for GAN system and f(X) = AX for linear
measurement, system. Thus, from the uniqueness of the characteristic function Billingsley
(1995), fup = fxp'. Since f is injective, p = p'. O

Theorem 5 relies on the following set of assumptions. The first one ensures that the model
is capable of representing the ground truth distribution.

Assumption C.8 (Sufficient Capacity). The joint ground truth distribution p% is such that
py € Pz(G*), where G* is the ground truth latent graph.

In other words, there exists a @ such that p§ = pgz (- | ). The second assumption generalizes
the notion of faithfulness assumption to the interventional setting.
Assumption C.9 (Z-o-faithfulness). For any subset of nodes A, B,D C XUCz, and I, € T

AlB|D = A [ B|C.

Gt PgzT
The above assumption implies that any conditional independency observed in the data must
imply a o-separation in the corresponding interventional ground truth graph.
Assumption C.10 (Strict positivity). For all (X,C) and pgz € Mz(G), pgz(X,C) > 0.

Assumption C.11 (Finite differential entropy). For a family of interventional targets

{XIm}%:m
|Ep§ logp§(Y,C’)| < 00.

The last two assumptions ensure that the scenario where S(G*) and S(G) are both infinity
is avoided. This is formalized in the lemma below taken from Brouillard et al. (2020).

Lemma C.12 (Finiteness of the score function Brouillard et al. (2020)). Under the as-
sumptions C.8 and C.11, the score function is finite, that is, |Sz(G)| < oo.
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We finally make the assumption that the parameter space of 8 and ¢ are compact.

Assumption C.13 (Parameter compactness). The parameters of the measurement process
@ belong to a compact metric space P.

For the both Gaussian additive noise (GAN) and linear measurement system, the parameters

correspond to the variance of the Gaussian distribution, ¢ = (o7,...,02). For the case of
GAN system, p = d. The implication of the above assumption is that o} < o7, ie.,

it is bounded above. Additionally, note that since we restrict the causal mechanism to
contractive, the parameters of latent SCM also belong to a compact space.

From the results of Brouillard et al. (2020), we can now express the difference in score
function between G* and G as the minimization of KL diverengence plus the difference in
the regularization terms.

Lemma C.14 (Rewritting the score function Brouillard et al. (2020)). Under assumptions
C.8 and C.11, we have

S(9") ~ S(G) = int Dicw v lpo=(- | 6,8)) + A(9] - 67)).

Furthermore, Sethuraman and Fekri (2025) showed that the KL divergence appearing the
in lemma above is strictly positive when the latent variables are directly observed.

Lemma C.15 (Lemma A.18, Sethuraman and Fekri (2025)). Let G = (X, &) be a directed
graph, for a set of interventional targets T = {I;}5_,, and p* ¢ Mz(G), then

inf  D(p* > 0.
L (r*lp)

We now extend this result to the case of indirect measurements.

Lemma C.16. Let G = (X,E&) be a directed graph, for a set of interventional targets
T = {1}, satisfying condition 2, and py ¢ My,z(G), then

inf D(p¥ > 0.
e (pyllpy)

Proof. Since I satisfies condition 2, the parameters of the measurement process is fully
identified. Moreover, from proposition C.7, the map T : Pz(G) — Py,z(G). Thus, T~ 'p} ¢
Pz(G). Thus, from lemma C.15, no sequence {p*)}2° | C M,i(G) exists such that limy_,,, p*) =
T~'p% . Therefore, there exists no sequence {p§f)}g°:1 C My 5;(G) such that limg_, o pgf) =
py-. Thus,
inf D(p} > 0.
et (py llpy)

This proves the lemma. O

We are now ready to prove theorem 5. Recall,

Theorem 5.. Let T = {I;}< | be a family of interventional targets satifying condition 2,
let G* denote the ground truth directed graph, p*) denote the data generating distribution
for I € T, and G:= argmaxg S(G). Then, under assumptions C.8 to C.11 and C.13, and
for a suitably chosen A > 0, we have that G =7 G*. That is, G is T-Markov equivalent to
gr.
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Proof. The proof is a direct extension of Theorem 2 in Sethuraman and Fekri (2025), with
lemma C.16 substituting lemma C.15. Which we present here for self-containment.

It is sufficient to show that for G ¢ Z-MEC(G*), the score function of G is strictly lower
than the score function of G*, i.e., S(G*) > S(G). Since G ¢ Z-MEC(G*) and py € M7(G*)
(by assumption C.8), there must exist subsets of nodes A, B, D C X U Cz such that either:

AJ;_B|D and AJY B|D, (C1)
g*
or - -
ALB|D and ALB|D, (C2)
. :

If no such subsets exist, then G and G* impose the same ¢ -separation constraints and thus
induce the same set of distributions. This would imply that G € Z-MEC(G*), contradicting
our assumption. Since p} € Mz(G*), in the case of (C1), it must be true that A /- B | D
(assumption C.9). Therefore p% doesn’t satisfy the general directed Markov property with
respect to GZ and hence p% ¢ Mz(G). For (C2), if p% € Mz(G), then from assumption C.9,
it must be true that A /,. B | C. However, p; € Mz(G*), and proposition C.5 implies
that A 1« B | C, resulting in a contradiction. Therefore, p; ¢ Mz(G). Morevover, from
proposition C.7 we can conclude that py, ; ¢ My, z(G).

For convenience, let
1(9) := it Drr(pyzllpy.g=(- | 0, ¢7)).

Note that

— inf Dy (pt 10.0")> inf Dy >0
1(9) = f Drr(py zllpy,gz(-| @)Lp&gﬂg) xkL(py llpy) >0,

where we use lemma C.16 for the final inequality. Thus, from Lemma C.14
S(G") = S(G) = n(G) + A(IG] — 1G7))-

Following Brouillard et al. (2020), we now show that by choosing A sufficiently small, the
above equation is stictly positive. Note that if |G| > |G*| then S(G*) — S(G) > 0. Let

Gt :={G | |G| <|G*|}. Choosing A such that 0 < A < mingeg+ % we see that:

. n(g)
A< B e ]
n(9) +
=A< ——7F— VGeG
1G*| — 14|

= X|G*|-1G]) <n(G) VG eG*t
= 0<n(G)+ |G| - 1G") =S(G*) —S(G) VG eG".

Thus, every graph outside of the general directed Markov equivalence class of (G*)Z has a
strictly lower score. O

D Implementation Details

In this section we provide further technical details on the implementation of RECLAIM and
the baselines.
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Algorithm D.1 Sampling Projection Vectors for Noise Estimation

Require: Measurement matrix A € RP*? intervention family Z satisfying condition 2,
thresholds egs > 0, 6 > 0, target number of vectors m
Ensure: Projection matrix Ty € R™*P
1: Initialize Ty < []
2: fori=1,...,d do
3: Compute M; + AT, € RU=-Dxp

4: Compute SVD: M; = UXV '

5: Extract basis B; € RP*" from columns of V' corresponding to zero singular values,
where r =p—d+1

6: while fewer than |m/d] vectors collected for node ¢ do

7: Sample u ~ N(0,1,)

8: Set t +— B;u

9: if |a; t| < €5y then > weak signal

10: reject and continue

11: end if

12: Normalize: t < t/||¢t||

13: if 3(¢')° € Ty s.t. cos (£, (¢)®) > 1— 6 then > insufficient diversity

14: reject and continue

15: end if

16: Append (t©)T to Ty

17: end while

18: end for

19: return T

D.1 Projection Vector Sampling for Measurement Noise Estima-
tion

The overall projection vector sampling algorithm for noise variance estimation is summarized
in algorithm D.1. We start with an empty T5 matrix and iterating through each node in
the latent graph. For each i € [d], let M; be the measurement matrix A excluding the i-th
column. We then compute its singular value decomposition (SVD) and extract the columns
of V matrix corresponding to zero singular values, denoted as B;. These columns represent
the basis vectors of the null space of M;. A random vector w is then generated to obtain the
projection matrix ¢ = B;u. The vector t is appended to Ts if it provided sufficient signal
and is sufficiently diverse from the existing projection vectors already in Ts. The process
concludes once we sample the required number of rows for T5. Theorem 4 guarantees that
the above procedure would conclude and the results matrix T would be full (column) rank.

D.2 Log-determinant of the Jacobian Computation

Computing the log-determinant of the Jacobian computation poses a significant challenge
when evaluation the log-density of the latent variables. To overcome this issue, we exploit
the power-series expansion of log(1 — z) to obtain the following:

o0

log | det Jga_up(X)| = — > %Tr{J{’}f(X)}. (28)

m=1

This brings the complexity of down to O(d?). Further improvement can be made by using
Hutchinson trace estimator Hutchinson (1989)

Tr{J{?f(X)} = Ew [WTJ{}‘f(X)W} ,
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where E[W] = 0 and EfWW ] = I. The above estimator only depends on a vector-
Jacobian product which can be efficiently computed using an auto-differentiation library
(such as PyTorch), often reducing the complexity to O(d). In practice, the power series is
truncated to a finite number of terms. This, however, introduces bias in the log-determinant
of the Jacobian estimate. To improve on this, following Chen et al. (2019), the series cut-off
n is randomly sampled, n ~ py, where py is a distribution over natural numbers N. The
individual terms in eq. (28) are then reweighted by the inverse probability of ending there.
Finally, we have the following unbiased estimator:

log | det J(id—Uf) (X)’ = _]En,W (29)

W (X)W
Z m - PIEN >n) 1

m=1

D.3 RECLAIM and Baselines Code Details

RECLAIM. Our framework was built using the Pytorch library in Python and the code
is provided as a part of the supplementary materials.

We follow the setup of Sethuraman et al. (2023), employing neural networks (NNs) with
dependency masks parameterized by a Gumbel-softmax distribution. The log-determinant
of the Jacobian is computed using a power series expansion combined with the Hutchinson
trace estimator. To mitigate bias from truncating the power series expansion, the number
of terms is sampled from a Poisson distribution, as detailed in section 3 and appendix D.2.
The final objective is optimized using the Adam optimizer Kingma and Ba (2015).

The learning rate in all our experiments was set to 10~2. The neural network models used in
our experiments contained one multi-layer perceptron layer and tanh activation. The graph
sparsity regularization constant A was set to 10~2 for all the experiments. The models were
trained and evaluated on NVIDIA RTX6000 GPUs.

Baselines. For NODAGS-Flow, we used the code provided by authors Sethuraman et al.
(2023) available at https://github.com/Genentech/nodags-flows. The default values
were set for the hyperparameters. For DCDI, we used the codebase provided by the authors
Brouillard et al. (2020), available at https://github.com/slachapelle/dcdi. The default
hyperparameters were used while training and evaluating the model. For Anchored-CI, we
implemented Algorithm 1 in Saeed et al. (2020) using an implementation of PC algorithm
available in CausalDag library in Python.

E Additional Experiments

In all the experiments below, we fix d = 10, oy, = 0.3, and opax = 0.6. For linear
measurement noise process, the number of measurements was fixed to p = 15.

Varying number of cycles. We evaluate the sensitivity of RECLAIM to the number of
cycles in the graph. The number of cycles was varied between 0 and 8 in steps of 2. The
results are summarized in fig. 7. The two cyclic graph methods (RECLAIM and NODAGS-
Flow) remain stable across the entire range of varying cycles, whereas, the DAG methods
(Anchored-CI and DCDI) exhibit a decreasing trend for both the noise processes. Overall
RECLAIM outperforms all the baselines.
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Varying Number of Cycles
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Figure 7: Performance comparison with varying number of cycles in the latent variable
graph.

Varying degree of nonlinearity. We evaluate the sensitivity of RECLAIM to the degree
of nonlinearity of the latent data generation process. The latent variables are sampled from
the following SCM:

X=(1-B8W'X +ptanhW'X + Z,

where 8 controls the degree on nonlinearity. 8 = 0 corresponds to fully linear SCM and
B = 1 corresponds to fully nonlinear SCM. The results are summarized in fig. 8. As seen
from the figure, RECLAIM exhibits robustness to nonlinearity in the data and achieves the
best performance when compared to the baselines for all values of [.

Varying Degree of Nonlinearity ()
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Figure 8: Performance comparison with varying degree of nonlinearity in the latent variable
SCM.

Varying latent graph sparsity. We evaluate the sensitivity of RECLAIM to the sparsity
of latent variable graph. The number of outgoing edge density of the latent variable graph
was varied between 1 and 4. The results are summarized in fig. 9. RECLAIM remains
robust with respect to the recovery performance even as the latent graphs become more
dense. NODAGS-Flow exhibits a decreasing trend in AUPRC score, while the DAG methods
consistently score below the cyclic methods.
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Varying Outgoing Edge Density

GAN Linear Measurements
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Figure 9: Performance comparison with varying latent graph sparsity.
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